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Abstract—In this paper the problem of sliding mode control
(SMC) for a class of uncertain (TS) fuzzy descriptor systems with
time-varying delay is studied. An integral-type sliding function is
proposed and a delay-dependent criterion is developed in terms
of linear matrix inequality (LMI), which ensures the sliding
mode dynamics to be robustly admissible with generalized H,
disturbance rejection level. Moreover, a SMC law is established
to satisfy the reaching condition of the specified sliding surface
for all admissible uncertainties and time-varying delay. The
developed results are tested on a representative example to
illustrate the theoretical developments.

I. INTRODUCTION

The class of descriptor (singular) systems has recently re-
ceived great interest from mathematical and control theorists to
properly describe the behaviour of some practical systems such
as large-scale systems, economic systems, power systems and
other areas [4]. Time delay phenomena constitute an intrinsic
characteristic of several practical systems. Some of them can
be modelled by the class of descriptor systems with delays.
It should be pointed out that the robust stability problem
for descriptor systems is much more complicated than that
for state-space systems because it involves not only stability
and robustness, but also regularity and impulse immunity
for continuous descriptor systems or causality for discrete-
time descriptor systems simultaneously [2], [16], [17], [18].
Recently, the (TS) fuzzy model has been extended to deal
with descriptor nonlinear systems with time delay and many
scholars have paid much attention to deal with fuzzy descriptor
systems and various problems of analysis and synthesis have
been treated [1], [7], [17].

As the dual of the robust control problem, the generalized
H; (L, — L) control for dynamic systems has been extensively
investigated. As H.. , generalized H, has been well recognized
to be most appropriate for systems with noise input, whose
stochastic information is not precisely known. The objective
of this problem is to design a controller such that the resulting
closed-loop system is stable and ensures that the peak value
of the controlled output is often required to be within a certain
range [1], [9], [14]

It is well known that the sliding-mode control (SMC) is
an effective method to achieve robustness and invariance
to matched uncertainties and disturbances on the sliding
surface[3], [5], [10], [12]. The SMC strategy has been suc-
cessfully applied to many kinds of systems due to its inherent

attractiveness, for example, easy realization, fast response,
good transient response and insensitivity to plant parameter
variation or external disturbance. The SMC strategy has been
successfully applied to many kinds of systems, such as, un-
certain time-delay systems, stochastic systems, and Markovian
jump systems [6], [11], [13], [15]. However, to the authors’
knowledge, there is little related results reported on SMC of
(TS) singular systems [8]. By using LMI technique, the present
paper extends the sliding mode control to (TS) fuzzy descrip-
tor systems which may contain the un-modelled dynamics,
varying parameters and disturbance.

The remaining parts of this paper are organized as follows.

Section 2 formulates the system description and presents some
preliminaries. The integral sliding mode controller design is
presented in section 3. Illustrative example is given in section
4. Finally a conclusion is provided in section 5.
Notations. The notation X > 0 (respectively, X > 0) means
that the matrix X is real symmetric positive definite (re-
spectively, positive semi-definite). L, is the space of integral
vector over [0,0). The L, norm over [0,e0) is defined as
l1gl13= Js &” (¢)g(t)dt. The symbol () stands for matrix block
induced by symmetry, sym(X) stands for X +X7.

II. SYSTEM DESCRIPTION AND PRELIMINARIES

The (TS) fuzzy dynamic model is described by fuzzy
IF-THEN rules, which locally represent linear input-output
relations of nonlinear systems. A continuous fuzzy descriptor
model with delay and parameter uncertainties can be described
by :
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where 1;(0) = %, i=1,2,---,r, are the normal-
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ized membership functions, x(¢) € R” is the state, u(t) € R™ is
the control input, w(z) € R" is the external disturbance input,
fi(t,x(r)) represents the system non-linearity and any model
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uncertainties in the system including external disturbances,
z(t) € R* is the controlled output; F ; (j=1...s) are fuzzy
sets, @ =[6,...,0] is the premise variable vector. The delay
h(t) is time-varying and satisfies

0<h(t)<hy, h(t)<hy. )

where hy, are constants representing the bounds of the delay,
hq is a positive constant. @(¢) is a compatible vector-valued
initial function in [—/u,0] representing the initial condition
of the system. The system disturbance, w(t), is assumed to
belong to L;[0,00). The matrix E € R™" may be descriptor
and assume that rank(E) =g <n. A;(t) = A; +AA;(1), Ap(t) =
Api + AAyi(t) and B,,;(t) = Byi + AB,,;(t) are time-varying
system matrices. A;, Ay;, B;, By, and C; are constant matrices
with appropriate dimensions. Note that the normalized weights

w;(0) satisfy

“1(9)207 izlaza"'ar

,
Y wi(6)=1. 3)
i=1
Without loss of generality, we introduce the following assump-
tion for technical convenience.
1) AA;(t), AAy(t) and AB,,;(t) are the unmatched uncer-
tainties satisfying

[AAi(1)  AAp(t) AByi(1)] = MiF(t) [Ni Nui  Nuil ,
“)
where M;, N; and Ny are known real constant matri-
ces and F(¢) is unknown time-varying matrix function
satisfying FT (t)F (t) < 1.
2) The matrices B;, i =1,2,---
B, =B,, - ,B,=B.
3) The matched nonlinearities f;(x) satisfies the inequality

fix) <mix) (5)

where 1;(x) are non-negative known vector-valued func-
tions.
4) The exogenous signal, w(¢) is bounded.
First of all, we recall some definitions.
Consider an unforced linear descriptor system with delay
described by

EX(t) = Ax(t) + Apx(r — h(2)),
x(t) = (p(t)a re [_hM70]
Definition /: [4] System (6) is said to be admissi-

ble if it is regular (det(sE—A) £ 0),

deg ( det ( sE —A)l) =rank(E)) and stable.

Definition 2: The open-loop fuzzy descriptor system (6) is
said asymptotically stable with generalized H, performance if
the open-loop system is asymptotically stable and under the
zero initial condition, the L;-L. norm of the open-loop transfer
function Ty, (s) from external disturbance w(t) to controlled
output z(¢) satisfies

,r are assumed to satisfy

0<h(t) <hm

(6)

impulse-free (

0]
Tz = sup RO

<Y 7
onttier, IW(0)[]2 ™

where 7 is a given positive scalar.

III. INTEGRAL SLIDING MODE CONTROLLER DESIGN

SMC design involves two basic steps. The first one is to
design an appropriate switching surface such that the sliding
mode dynamics restricted to the surface is admissible with
generalized H, disturbance rejection level y. In the second
step an SMC law is synthesized to guarantee that the sliding
mode is reached and the system states maintain in the sliding
mode thereafter.

A. Integral sliding mode surface

The integral sliding-mode control completely eliminating
the matched-type non-linearities and uncertainties of (1) while
keeping s = 0.

In this work, the following integral sliding surface is consid-
ered:

s(x,t) = MEx(t) —

Exo+/ Zu, A +BK;)x(8)
+Ah,»x(9—h(0))d9) )

where K; € R™*" is real matrix to be designed and M € R™*"
is designed to satisfy that MB is nonsingular. According to
SMC theory, when the system trajectories reach onto the
sliding surface, it follows that s(x,r) = 0 and s(x,¢) = 0.
Therefore, from $(x,¢) = 0, the equivalent control law can be
established as

— (MB) MY, e (4
i=1

o+ My (0)x(e = (1)) + Buile)w(r) }
Y afi () ©)
i=1

,'(l‘) +BK,')X(I)

Substituting (9) into (1), we obtain the following sliding mode
dynamics:

Ex(f)Zi;H:(e){A()x(f)+A/u()( W)+ Bui(r)w(o) |
(1) = ; 1:(0)Cix(1)
- (10)
where M = I — B(MB)~'M and
Ai(t) = A+ AA(1), Ai=Ai+BK;, Api(t) =An+ A1),
Byi(t) = Byi +AB,(1), = MB,, M; = MM,
(11)
[AAi(t) AAy(r) AByi(t)] = MiF(t) [N Nui Nyl .
(12)

B. Sliding Mode Dynamics generalized Hy analysis

In this subsection, we develop a delay-dependent sufficient
condition that ensure for sliding mode dynamics (10) to be
robustly admissible with generalized H, performance.

Theorem 3.1: Let ¥, hy and h; given positive scalars.
The fuzzy descriptor system (10) is regular, impulse free and



asymptotically stable with generalized H, norm bound 7, if a
non-singular matrix P exists, some matrices Q1 > 0, O > 0,
S > 0, of appropriate dimensions and positive scalars & such
that the following set of LMIs holds:

ETP=PTE>0 (13)
_(pi B, vV I’ZMA A) PTM,' &N;
* 7’}’1 \/ szs 0 Eini
* ) 0 0 <0 (14)
* * * —&l 0
| * * * * —&l
[—ETP CT
. v <0, (15)
where
1
Dy PTA,;+—ETSE 0
vy 1
& =| x —(1—hy)Q—-——ETSE —ETSE
hy hy |
s * ~0)— —E'SE
hy

— 1
@11, = Q1 + Q> +sym(PTA;) — @ETSE

_ T
A=A Ay O]T, B, = {ET”P 0 0]
T
Ni=[Ni Nu 0]", M;= [MiTP 0 0}

Proof: The proof of this theorem is divided into two parts.
The first one is concerned with the regularity and the impulse-
free characterizations, and the second one treats the stability
property of system (10). Since rank(E) = g < n, there always
exist two non singular matrices M and N € R"™" such that

I, 0
E =MEN = {0 o} (16)
Set
— Al A At Aninn
Aj=MAN = |/} 120 A= MARN |20 ,
' ' [Am AiZZ] " i [Ahm Ao
_ Py P2
P=M"'PN= .
[le Pzz}
(17

Using the fact that IP is non-singular, it is easy to see from (13)

and (17) that Py; > 0, P;» =0 and Py, is also non-singular.

From (14), it is easy to see that the inequality

— 1
sym(PTA;)— —ETSE <0 (18)
hy
holds. Pre- and post-multiplying (18) by N7 and N, respec-
tively, we obtain

* *

<0
*  Sym (IP;ZA,'Q)

19)

where x will not be used in the following development. Hence,
we can deduce that Ay, is non-singular. Therefore, descriptor

time-delay system (10) is regular and impulse free for any
time-delay A(r) satisfying (2).

Now, let us choose the following Lyapunov-Krasovskii func-
tional as

V() =Vi(t) +Va(t) +V3(1)

Vi(t) = xT (1)ET Px(z)

Va(t) = /t xT (5)Q1x(s)ds + t X (5)Qax(s)ds (20)
h(t ) t=hy

(s)ET SEx(s)dsd®

0= [ L0

The derivative along the trajectories of (10) satisfies that

07" (R0 (T

Vi(t) =2x" (t)PTEx(t) =

+ Apix(t — h(t))

V(1) = x" (1) Qux(t) — (1 — h(1))x" (t — h(t)) Qix(t — h(t))
+x" (1) Qox(t) — x" (t — har) Qox(t — har)
<x"(1)(Q1 4 Q2)x(t) — (1= hg)x" (t — h(£))Q1x(t — h(t))

t—h(t)
— hygi” (1)ETSE:(r) — / (s)ET SEi(s)
t—hyy
t
—/ %7 (s)ET SEx(s)ds
t=h(r)
1)
According to Jensen Lemma we have
. 1 1
Vi(r) < —hanTSEm — h—YzETSEVz (22)
where }/1 = x( —h(t)) (t —hy) and = x(t) —x(t — h(2)).
Define &(t) = [x7(r) xT(r—h(r)) (t—hM)}T. Then, we
have
Vix gz (cb + iy ASA] )g() (23)

Hence, V(x;) < —a||&(¢)||* which implies that nominal singu-
lar system (10), with w(¢) = 0 is asymptotically stable.

Let us now prove that system (10) has the generalized H;
performance. For this purpose, consider the following perfor-
mance index:

- }//Ot wl (s)w(s)ds

where V(x(1)) is defined as in (20). For any non-zero w(s) €

(24)

Ly, t >0 and zero initial state condition @(t) =0, t € [—hyy,0],
we have
Jo = —Y /

(25)

w(s)ds

_/ s



Define {(¢) = [£7(1) wT(t)]T. Following the same proce-
dure as used above, we get

hi(8)¢T (1)¥il (1)

-

Il
-

V(x(r)) =y (w(r) < (26)

From (14), it follows that W¥; < 0, which implies that Jy < 0.
Therefore, we can obtain the following inequality

A (OETPx(r) <V(x(t)) < ¥ /0 "W (s)w(s)ds 27)

On the other hand, from (15) it yields y~'z7 (t)z(t) —EP < 0
which, in turn, leads to

2" (1)2(r) < () ETPx(r) < YV (x(1))
< 7/2/0 wl (s)w(s)ds < }/2/0 wl (s)w(s)ds

Taking the maximum value of ||z(¢)||2, we have ||z()||2 <
72| [w(#)]|3 for any 0 # w(t) € L, which means that system (10)
is delay-dependent asymptotically stable with generalized H»
norm bound 7. This completes the proof. ]

(28)

C. Sliding Mode Dynamics generalized H, synthesis

Given all the system matrices in (1). Based on the previous
results, we focus on this section to determine the gain K;
in the switching surface function of (8) such that the sliding
mode dynamics (10) is robustly admissible with generalized
H; performance.

Theorem 3.2: Let hy, hy and Y given positive scalars.
Then, the sliding mode dynamics (10) is robustly admissible
with H, performance 7, for any delay A(t), satisfying (2), and
any tuning parameters o, if there exists a non-singular matrix
X, symmetric positive-definite matrices Ql, Ql, S and some

positive scalars €, i =1,---,r such that the following LMIs
hold:
EX=XTET >0 (29)
®; B, VhuA; N; &M,
x  —yl Vhy BL, NI, 0
Y= | % * GZS’—C)'sym(X) 0 e hy M,’ <0
* * * —&l 0
* * * * —&l
(30)
-XTET CT .
Fi* |: % _,yI <07 17]*17"’77‘ (31)
where
dy; ZhiX +E§ET 0
&= | x —(1—hy)0—2ESET ESET
* * —0,—ESET

R [
®@; = sym(A;X +BF;) + 01 + 02 — @ESET, Ci=CX
(32)

) 5 - T
Ai=[AX+BFE AuyX 0], Bwi:[Bai 0 O}

Ni=[NX Nux 0]
(33)

The stabilising controller gains are given by K; = F;X !
Proof: Under the conditions of Theorem 3.2, a feasible

solution satisfies the condition —o sym(X)+ 62§ < 0 which

implies that X is nonsingular.

On another hand, we note for any ¢ > 0 that

0<(X-09)TS ' (X —068)=X"S'X —osym(X) +6°§
(34)

which implies that

—XT§7'X < —osym(X) + S (35)

LetP=X"1Y,=KX,0,=XTQ,X (i=1,2),and § = XT SX.
Considering (35) and checking a congruence transformation to
(29), (30) and (31) by P, diag{P,P,I,I,I,I,I} and diag P,I},
respectively, the inequalities (13), (14) and (15) hold.

|

D. SMC law synthesis

Now, we are in position to synthesize a SMC law, by which
the trajectories of the uncertain fuzzy singular time-delay
systems (1) can be driven onto the pre-specified switching
surface s(¢) =0 in a finite time and then are maintained there
for all subsequent time.

Theorem 3.3: Consider the uncertain singular time-delay
system (1). Suppose that the switching surface function is
given by (8), then the trajectories of system (1) can be driven
onto the switching surface s(f) =0 in a finite time by the
following SMC law:

u(t) = iui(ﬂ) (Kix(t) — oy - (36)
i=1

where
06 = 2+ mi(x) + 1| (MB) 2 | { [Nex(r) | + [ Nsx(z — (1) |
Nuiw (I} + 11 (VB) ™ VBl w0
(37
Proof: Choose M under the condition of MB is nonsin-

gular. Consider the following Lyapunov function:

Vi(t) = %ST(I) (MB) " 's(1)

According to (8), we have

(38)

§(t)=M zr'i u,»{ (AA;(t) — BK;)x(t) + AAyi(1)x(t — h(1)))

+ B (e)w(r) + B (u(r) + £i(x(1))) }
(39)



Thus, taking the derivative of V,(¢) and considering the above
equation, we have

Vi(t) =s" () (MB) ™ 5(t)

:ST(I) (MB) 7IM i [.Li{AAi(l)x(t)
i=1
+ Mya(0)x(t = (1)) + Burle)w(r)

Sl CORS WAVEDIEY )

r

sl Zﬂi{H(MB)lMMI-H (40)

<

i=1
(INex(e) -+ [Nz = R + [N (6) )

+ [ (MB) ™ VB[ w(r) ]| + Tli(x)}

+57 (1) (u(t) -y ,u,~K,~x(t)>
i=1
Substituting (36) into (40), we have

Vs(t) == Alls(@)ll <O,

Vlis@)l #0 41

Then the system trajectories converges to the predefined slid-
ing surface and is restricted to the surface for all subsequent
time, thereby completing the proof. [ |

IV. NUMERICAL EXAMPLE

To illustrate the merit and effectiveness of our results, we
consider the following nonlinear time delay system borrowed
from [17]

(1 +(a+ba) 05(9(t))> 6(1) = —(b+8b) 3(¢)
( (42)

+(c+8¢)0(t) + (ch+6cp)0(t —h(t))
+d(u(t) + fi(t,x(1)))

where the range of 0(¢) is assumed to satisfy |8 (¢)| < ¢, ¢ =2,
¢, = 0.8, u(t) is the control input and w(z) is the disturbance
input. For simulation purposes, we set a=1, b=¢ =1,
c=1and d =1. As in [17], the time-delay system (42) can
be expressed exactly by a (TS) fuzzy descriptor withy the
following parameters :

0 0 O 0 0
Ay |0 0 O0|,B=|0{|, B,;= |0},
c, 00 d e
i=[05 0 0], i=1,23.

K3 (1) ~ I+4cos(xi(1))
u1_¢2+23 - ¢2+2 )
IJ @2 —x3(t) + 1 —cos(x1 (1))
3=

6742
When we assume that da(t) = aA(t)a and dcp(t) = aA(t)c,

the uncertain matrices can be described as (4) with

0
0, Nizg=[0 0 a], My=[0 0 —a(¢>+1)]
o

M; =

First, we consider the case where a = 0.25 and the time-
varying delay is given as h(z) = 1.2+ 0.1sin(t), and a straight-
forward calculation gives iy = 1.3 and h; =0.1.

Our aim in this work is to design a SMC law u(f) as given
in (36) such that the closed-loop system is robustly stable with
generalized H, performance.

Set M= [0.3 0.2 l] . Theorem (3.3) produces a feasible so-
lution to the corresponding LMIs with the following controller
gains

Ky =[-2.2383 3.78 -2.0092],

K> =[—22206 —2.2258 4.1739],
K3 =[-2.2383 —222 —2.0092],

(43)

Let fi(t,x(t)) = 0.3sin(x(¢))x1(¢), i = 1,2,3, and w(t) =
0.5
e By setting A = 0.35, the SMC law can be designed

according to (36)-(37) and the simulation results are de-
picted in figures (1(a))-(1(c)) with initial condition x(0) =
15 —05 1]T. To prevent the control signals from chat-
tering, we replace sign 0 with —20__

Is(@)] 0.05+]|s(2)]|
Figure (1(a)) plots the evolution of the system states and Figure
(1(b)) depicts the control input vector. The response of s(z) is
given in Figure (1(c)). It is observed from Figure 1(a) that
the state trajectories of the system all converge to the origin
quickly. The system can be stabilized by the proposed method
and the reaching motion satisfies the sliding reaching condition
in spite of the time-varying delay, uncertainties and matched
input. Figure (1(d)) shows the state trajectories of the closed-
loop system without a sliding mode term. From this figure,
we can see the effectiveness of the sliding mode term, which
is used to compensate the effect of unknown input.
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(a) States of the closed-loop system.
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(c) Switching surface function s(z).
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(d) States without a sliding mode term.

V. CONCLUSION

Complete results have been developed for robust sliding
mode control of a class of continuous (TS) fuzzy descriptor
systems with time-varying delay and parameters uncertain-
ties. Without resorting to the decomposition and equivalent
transformation of the sliding mode dynamics, the question
of robust admissibility with generalized H, performance is
considered and a new delay-dependant LMI-based criterion is
derived. Moreover, a SMC control law is designed such that
the reaching condition is satisfied and the chattering can be
reduced. The feasibility and the effectiveness of theoretical
developments has been verified by a numerical example.
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